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Question 1 (a) Let A and B be two n × n complex matrices. Explain what
is meant by saying that A is congruent to B. What is meant by saying that A
is unitary?

Given that A = (ajk) is a unitary matrix, show that AB is congruent to
BĀ, where Ā = (ājk) and ājk is the complex conjugate of ajk.

(b) Determine with reasons which of the following matrices are congruent to
each other over R:

A =

(
0 1
1 1

)
, B =

(
1 −1
−1 1

)
, C =

(
0 −1
−1 1

)
.

Further, find all real values of x such that the matrix

(
x 1
1 1

)
is congruent

to C.

(c) Given a complex symmetric matrix

A =

 0 i 1
i 0 −i
1 −i 0

 ,

find a matrix P such that P T AP is a diagonal matrix, where P T denotes the
transpose of P .

Question 2 Let f : R4 −→ R4 be the linear map given by

f(t, x, y, z) = (x + z, t + y, x + z, t + y).

(i) Find the matrix (f ;B,B) representing f with respect to the standard
basis B for both the domain R4 and co-domain R4.

(ii) Find a basis for the kernel of f .

(iii) Find the eigenvalues of (f ;B,B).

(iv) Find a basis C of R4, consisting of eigenvectors of (f ;B,B), such that the
representing matrix (f ; C, C) of f is a diagonal matrix.
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Question 3 (a) Let V be a vector space over a field F and let f be a bilinear
form on V . Explain what is meant by saying that f is symmetric.

Let q : V −→ F be a quadratic form given by

q(v) = f(v, v) (v ∈ V )

where f is a symmetric bilinear form. Show that

2f(u, v) = q(u + v)− q(u)− q(v) (u, v ∈ V ).

Find a symmetric bilinear form f on R2 such that

f((x, y), (x, y)) = x2 − xy + y2 (x, y ∈ R).

(b) Let q : V −→ R be a quadratic form on a real vector space V . Explain
what is meant by saying that q is positive definite.

Determine, with a reason, whether the following two real quadratic forms
are equivalent:

q1(x, y, z) = 2x2 + y2 + 3z2 + 3xy + 2xz

q2(x, y, z) = x2 + 2y2 + z2 + 4xy − 4yz.

Further, determine with a reason if q1 is positive definite.

Question 4 (a) Let (V, 〈 , 〉) be a complex inner product space and let u be a
vector in V satisfying 〈u, u〉 = 1. Given any v ∈ V and λ ∈ C, show that

‖v − 〈v, u〉u‖ ≤ ‖v − λu‖.

In the Euclidean space C3, find the point u, among all points in the line

L = {(x, y, 0) ∈ C3 : x = y},

having the shortest Euclidean distance to the point (1, 1, 1). Further, find this
distance.

(b) Find an orthonormal basis for the subspace V of R4, with the standard
inner product, spanned by the set {(1, 1, 0, 1), (0, 1, 0, 1), (−1, 0, 2, 0)}.

Let π : R4 −→ V be the orthogonal projection. Find the image π(1, 0, 1, 1)
in V .
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Question 5 (a) Let α : V −→ V be a self-adjoint linear map on a finite
dimensional complex inner product space V .

Show that all eigenvalues of α are real numbers.
Let λ1, . . . , λk be all the distinct eigenvalues of α and let E(λ1), . . . , E(λk)

be their eigenspaces respectively. Show that

V = E(λ1)⊕ · · · ⊕ E(λk).

(b) Let A =

(
2 1
1 1

)
and B =

(
0 1
1 1

)
.

Find an invertible matrix P and a diagonal matrix D such that P T AP = I
and P T BP = D, where I is the identity matrix.

Question 6 (a) Let F be a field and let F n =




x1
...

xn

 : x1, . . . , xn ∈ F

 be

the vector space of n× 1 matrices over F .

Let f :

n-times︷ ︸︸ ︷
F n × · · · × F n −→ F be an n-linear form. Explain what is meant

by saying that f is alternating.
Given two non-zero alternating 3-forms f and g on F 3, show that there is

an element λ ∈ F such that f = λg.

(b) Let A and B be two n× n matrices over F . Define the determinant of A,
det A, in terms of an alternating n-form f on F n satisfying f(e1, . . . , en) = 1,
where {e1, . . . , en} is the standard basis of F n.

Prove the following two assertions:

(i) det AB = (det A)(det B);

(ii) AB = I if, and only if, BA = I, where I is the identity matrix.

(c) Find the minimal polynomial of the matrix 3 4 2
0 1 2
0 0 0

 .
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